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Abstract
In this note we study the existence and BMO-boundedness of Tf , where T is a kind
of singular integral operators and f is a BMO function. The existence of Tf is carefully
verified under suitable conditions.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
In their famous work [1], Caldéron and Zygmund studied the existence andLp-
boundedness(1< p <∞) of a kind of singular integrals, see [1,4–6] for details.
For the end-point case p =∞, it is well known that the L∞-boundedness of T
fails. At this point, the John–Nirenberg space BMO is an appropriate substitute
for L∞. In fact, the definition of T can be properly modified so that it becomes
a bounded operator from L∞ to BMO (see, for example, [2,6]). In this note, we
are especially interested in getting the existence and boundedness via a direct
approach.
We first recall the definition of BMO. The letter B denotes a ball in Rn, and
Br(x) is the ball with center x and radius r . A locally integrable function f is
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said to belong to the space of bounded mean oscillation (BMO) if
‖f ‖∗= sup
B
1
|B|
∫
B
∣∣f (x)− fB ∣∣dx <∞,
where fB = 1|B|
∫
B
f (x) dx and |B| denotes the Lebesgue measure of B . Modulo
the space of constant functions, BMO becomes a Banach space with the norm
‖ · ‖∗.
Let K ∈ C(Rn \ {0}) satisfy
(a) ∫
ε<|x|<N K(x) dx = 0, ∀0 < ε <N <∞;
(b) there exists a constant C1 > 0 such that |K(x)| C1|x|−n, ∀x = 0;
(c) there exist two positive constants C2 and α ∈ (0,1] such that∣∣K(x − y)−K(x)∣∣ C2|y|α|x|−n−α, ∀|x|> 2|y|.
For such a function K , define
Tf (x)= lim
ε→0
∫
|x−y|>ε
K(x − y)f (y) dy, f ∈Lp(Rn) (1 p <∞).
It is a classical result that the limit exists in Lp-norm (1 < p <∞) as well as
pointwise a.e. in Rn. See [1,4–6] for more details.
If f ∈ BMO, the integral ∫|x−y|>ε K(x − y)f (y) dy may be divergent and
hence the above definition no longer makes sense. We are here interested in giving
a direct definition of T acting on f and finding sufficient conditions so that the
existence of Tf (x) can be guaranteed. We thus define
Tf (x)= lim
ε→0
N→∞
∫
N>|x−y|>ε
K(x − y)f (y) dy, for f ∈ BMO,
where the limit is taken in pointwise sense. Such a definition does make sense for
f ∈ BMO and if f ∈Lp(Rn) it coincides with the earlier one. We also define the
following two operators:
T∞f (x)= lim
N→∞
∫
1<|x−y|<N
K(x − y)f (y) dy;
T0f (x)= lim
ε→0
∫
ε<|x−y|<1
K(x − y)f (y) dy.
Remark 1. If both T∞f (x) and T0f (x) exist, then Tf (x)exists and Tf (x) =
T∞f (x)+ T0f (x). The converse is obviously true. Also note T0f (x) exists a.e.
in Rn.
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We are now ready to state our main result.
Theorem 1. Let T be a singular integral operator defined as above. If f ∈
BMO and T∞f (x0) exists for a single point x0 ∈ Rn, then Tf (x) exists almost
everywhere in Rn and Tf (x) ∈ BMO. Moreover, there is a constant C depending
only on n, C1, C2 and α such that
‖Tf ‖∗  C‖f ‖∗.
Remark 2. The existence of T∞f (x0) is equivalent to the one of
lim
N→∞
∫
r|xo−y|<N
K(x0 − y)f (y) dy
for any fixed r > 0, by the size condition (b) of K .
Remark 3. Since the existence of Tf (x) implies that of T∞f (x) (Remark 1), the
following three statements are equivalent by our theorem:
(i) Tf (x) exists almost everywhere in Rn;
(ii) there is a single point x1 ∈ Rn such that Tf (x1) exists;
(iii) there is a single point x0 ∈ Rn such that T∞f (x0) exists.
Remark 4. The main interesting thing in our proof is the existence of Tf (x)
in our setting. If f ∈ BMO with compact support, then f ∈ Lp(Rn) for any
p ∈ [1,+∞). In this case, the existence of Tf (x) is a classical result as mentioned
above.
2. Some preliminary results
The following result is well known as the John–Nirenberg Lemma.
Lemma 1 (John–Nirenberg [3]). Suppose f ∈ BMO; then for any ball B ⊂ Rn,
there are two constants c1and c2 depending only on dimension n such that∣∣{x ∈ B: ∣∣f (x)− fB ∣∣> α}∣∣ c1 exp(−c2‖f ‖∗α)|B|, ∀α > 0.
As a consequence,
Lemma 2. For any ball B ⊂Rn,(
1
|B|
∫
B
∣∣f (x)− fB ∣∣p dx
)1/p
 C‖f ‖∗, 1 <p <∞,
where C is a constant depending only on n and p.
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Lemma 3 [4, p. 33]. Suppose f ∈ BMO; then for any β > 0,∫
Rn
∣∣f (y)− fBr (x)∣∣(r + |x − y|)−n−β dy  Cr−β‖f ‖∗,
where C is a constant depending only on n and β .
The following lemma, which may be of independent interest, reflects the
behavior of a BMO function at infinity.
Lemma 4. Suppose f ∈ BMO and B = Br(x) is a fixed ball in Rn. Then
lim
N→∞
∫
N−r<|x−y|<N
|x − y|−n∣∣f (y)− fB ∣∣dy = 0.
Proof. Denote RN = {y ∈ Rn: N − r < |x−y|<N}. M =Nr−1, k = [log2M],
and
Bj = BM2j−kr (x), j = 1,2, . . . , k.
Note that |RN | = CnMn−1rn, therefore∫
RN
|x − y|−n∣∣f (y)− fB ∣∣dy

∫
RN
|x − y|−n∣∣f (y)− fBk ∣∣dy +
k∑
j=1
∫
RN
|x − y|−n|fBj − fBj−1 |dy
C(Mr)−n
∫
RN
∣∣f (y)− fBk ∣∣dy +CM−1
k∑
j=1
|fBj − fBj−1 |
= I(M)+ II(M).
First we show
lim
M→∞ I(M)= 0.
In fact, given ∀ε > 0, let α0 large enough such that
exp
(−c2‖f ‖∗α0)< ε.
Then, for M > 0 large enough such that α0M−1 < ε,
I(M)C(Mr)−n
∫
RN∩Aα0
∣∣f (y)− fBk ∣∣dy
+C(Mr)−n
∫
RN∩ACα0
∣∣f (y)− fBk ∣∣dy
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C(Mr)−n
+∞∫
α0
∣∣{y ∈ Bk: ∣∣f (y)−fBk ∣∣> α}∣∣dα+C(Mr)−nα0|RN |
C(Mr)−n
+∞∫
α0
exp
(−c2‖f ‖∗α) dα|Bk | +Cα0M−1
C‖f ‖∗ε+Cε,
where Aα0 = {y ∈Bk : |f (y)− fBk |> α0}. Thus limM→∞ I(M)= 0.
On the other hand,
k∑
j=1
|fBj − fBj−1 |
k∑
j=1
1
|Bj−1|
∫
Bj−1
|f − fBj |dy
 2n
k∑
j=1
1
|Bj |
∫
Bj
|f − fBj |dy  2nk‖f ‖∗;
hence limM→∞ II(M)= 0. ✷
3. Proof of Theorem 1
Let f ∈ BMO and B = Br(xB) be any ball containing x0. We write
f (x)= f4B +
(
f (x)− f4B
)
χ4B(x)+
(
f (x)− f4B
)
χ(4B)C(x)
= f1 + f2(x)+ f3(x),
where tB is the ball concentric with B having t times its radius and χE is the
characteristic function of set E ⊂Rn. The cancellation condition (a) of K implies
Tf1 = 0.
Since f2(x) ∈L2(Rn), Tf2(x) exists a.e. in Rn and by the L2-boundedness of T ,
∫
B
∣∣Tf2(x)∣∣dx  |B|1/2
(∫
B
∣∣Tf2(x)∣∣2 dx
)1/2
 C|B|1/2
( ∫
Rn
∣∣f2(x)∣∣2 dx
)1/2
= C|B|1/2
( ∫
4B
∣∣f (x)− f4B ∣∣2 dx
)1/2
 C|B|1/2|B|1/2‖f ‖∗ = C|B|‖f ‖∗;
the last inequality follows from Lemma 2.
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The main difficulty is the existence of Tf3(x). We will prove Tf3(x) exists for
every x ∈ B and∣∣Tf3(x)− Trf (x0)∣∣ C‖f ‖∗, ∀x ∈B; (1)
where
Trf (x0)= lim
N→∞
∫
5r|x0−y|<N
K(x0 − y)f (y) dy
exists by our assumption and Remark 2.
Without loss of generality, we assume ε < r and N > 10r . Set SN = {y ∈
Rn: |x − y|<N , |xB − y|> 4r}:∫
ε|x−y|<N
K(x − y)f3(y) dy =
∫
SN
K(x − y)f3(y) dy
=
∫
SN
(
K(x − y)−K(x0 − y)
)
f3(y) dy +
∫
SN
K(x0 − y)f3(y) dy
= IN(x)+ IIN(x);
|IN |
∫
SN
∣∣K(x − y)−K(x0 − y)∣∣∣∣f3(y)∣∣dy

∫
|x−y|>4r
∣∣K(x − y)−K(x0 − y)∣∣∣∣f (y)− f4B ∣∣dy
C
∫
|x−y|>4r
|x−x0|α|f (y)−f4B |
|x0 − y|n+α dy  Cr
α
∫
Rn
|f (y)− f4B |
(r + |x0 − y|)n+α dy
C‖f ‖∗;
the last inequality follows from Lemma 3. So limN→∞ IN(x) exists and controlled
by C‖f ‖∗.
Note x, x0, xB ∈ B implies |x−y| ∼ |xB−y| ∼ |x0−y| for y ∈ (4B)C . Using
this fact and N > 10r , the following decomposition for SN can be verified:
SN =A1 ∪A2 ∪A3 ∪A4;
A1 =
{
5r  |x0 − y|<N − 2r
}
,
A2 =
{
N − r  |xB − y|, |x − y|<N
}
,
A3 =
{|x0 − y|N − 2r, |xB − y|<N − r},
A4 =
{|xB − y|> 4r, |x0 − y|< 5r},
Ai ∩Aj = ∅, i = j.
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Thus
IIN(x)=
∫
A1
+
∫
A2
+
∫
A3
+
∫
A4
.
Obviously
lim
N→∞
∫
A1
= Trf (x0).
By the virtue of Lemma 4∣∣∣∣
∫
A2
∣∣∣∣ C
∫
N−r<|xB−y|<N+r
|xB − y|−n
∣∣f (y)− f4B ∣∣dy→ 0;
∣∣∣∣
∫
A3
∣∣∣∣ C
∫
N−3r<|xB−y|<N−r
|xB − y|−n
∣∣f (y)− f4B ∣∣dy→ 0.
The fourth term is independent of N and∣∣∣∣
∫
A4
∣∣∣∣
∫
4r<|xB−y|<6r
∣∣K(x0 − y)∣∣∣∣f (y)− f4B ∣∣dy
 Cr−n
∫
|xB−y|<6r
∣∣f (y)− f4B ∣∣dy
 C|6B|−1
∫
6B
(∣∣f (y)− f6B ∣∣+ |f6B − f4B |)dy  C‖f ‖∗.
Thus Tf3(x) exists and at the same time (1) has been proved.
Since the choice of Br(xB) is arbitrary, we get the a.e. existence of Tf (x).
Next we show the boundedness of Tf . Suppose B = Br(xB) is an arbitrary
ball in Rn. Just as before, let
f (x)= f4B +
(
f (x)− f4B
)
χ4B(x)+
(
f (x)− f4B
)
χ(4B)C(x)
= g1(x)+ g2(x)+ g3(x).
Using the a.e. existence of Tg2(x) and Tf (x), one can find a point x∗ ∈ B such
that Tg3(x∗) exists. Because of Remark 2, T∞f (x∗) exists. The same argument
as before shows
Tg1 = 0; (2)∫
B
∣∣Tg2(x)∣∣dx  C|B|‖f ‖∗; (3)
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Tg3(x) exists for every x ∈B , and∣∣Tg3(x)− Trf (x∗)∣∣ C‖f ‖∗, ∀x ∈ B, (4)
where
Trf (x
∗)= lim
N→∞
∫
5r|x∗−y|<N
K(x∗ − y)f (y) dy.
So by (2)–(4),
1
|B|
∫
B
∣∣Tf (x)− (Tf )B∣∣dx  2|B|
∫
B
∣∣Tf (x)− Trf (x∗)∣∣dx
 2|B|
(∫
B
∣∣Tg2(x)∣∣dx +
∫
B
∣∣Tg3(x)− Trf (x∗)∣∣dx
)
 C‖f ‖∗.
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